SEQUENCES AND SERIES

Number System
» Natural Numbers: N ={1,2,3, ...}

» Whole Numbers:Z = {0,1,2,3,...}
={n/n=0o0rn €N}
» Integers: [ =Z={..,—2,—-1,0,12,...}
={n/n=00orn€Nor —n €N}

» Rational Numbers: Q = {S/p EZandq € N}

» Irrational Numbers: Q° = R—Q

i.e., Numbers which are having Infinite non-recurring decimal points
P Real Numbers: R=Q U Q¢
» Complex Numbers: C = {a + ib/a,b € R}

Sequences

Definition: Sequence is a function whose domain is set of all Natural numbers
Ex: S, = {ﬁ /ne€E Z+}, then it is a Sequence.

since §; == ,S5, =

N |-
wIiN

,S3 = % ,... ,where{1,2,3,...}is domain of above function.

Notation of a Sequence: If S, is a sequence then it is denoted by {S,,} or (S,,) or (S,,).

In the Sequence {S,,} : S;,S,,S5, ... are called terms of the sequence {S,,}

Range of the Sequence: The set of all terms of the Sequence is called as Range of the Sequence.
Here {S;,S,,S5, ... }is the Range of the Sequence {S,,} .

Note: The Basic difference between Range and co-domain is that
Co-domain means it includes all the elements in the image set, where as
Range means, it contains elements which have mapping from domain set elements.

Here if we consider the adjacent fig. : A

let us consider §,, to be any function from A to B

i.e S,: A - B then,
Domain: {a, b, ¢, d}

Co-domain: {1, 2, 3,4,5, 6}

Range: {1, 2,4, 6}




Sequence Constant Sequence: A Sequence {S,,} is said
to be constant Sequence if S, = kVn € Z*

Boundedness of a Sequence

Bounded above Sequence: A sequence {S,, } is said to be Bounded above if the Range of the
Sequence is Bounded above.

(OR)
J areal number k such that§,, < kVvVnezZ*

In this case k is called as Upper Bound of Sequence {S,,}.

Least Upper Bound (or) Supremum of the Sequence

If u is a upper bound of the Sequence and any number less than u is not upper bound then u is
called as Supremum of the Sequence {S,,} .

Note: Every decreasing Sequence is Bounded above.

Ex: 1) {S,} = {—n /n € Z*}, then it is Bounded above.

2) {Sp.) = {% /nE€ Z+} is Bounded above. Since 1 is Supremum of it.

Bounded Below Sequence: A Sequence {S,,} is said to be Bounded below if the Range of the
Sequence is Bounded below.

(OR)
J areal number k such that S, > kv n € Z*

In this case k is called as Lower Bound of Sequence {S,,} .

Greatest Lower Bound (or) Infimum of the Sequence

If v is a upper bound of the Sequence and any number greater than v is not Lower bound then v is

called as Infimum of the Sequence {S,,} .

Note: Every increasing Sequence is Bounded below.

Ex: 1) {S,,} = {n /n € Z*}, then it is Bounded below.

2) {S,} = {% /ne Z+} is Bounded above. Since 0 is Infimum of it.




Bounded Sequence

A Sequence {S,,} is said to be Bounded if it is Bounded above and Bounded Below.

Ex: 1) {S,,} = {(-1)™ /n € Z*}, then -1 is Infimum and 1 is Supremum of the Sequence {S,,}

2){S,} = {% /nE Z+} is Bounded above. Since 0 is Infimum and 1 is Supremum.

Un Bounded Sequence

A Sequence which is not Bounded is called as Un Bounded Sequence.

Ex: 1) {S,,} = {—n /n € Z*}, then it is Bounded above, but not Bounded below.

2){S,} = {n/n € Z*}, then it is Bounded below, but not Bounded above.
3){S,} = {(—1)"n /n € Z*}is neither Bounded above nor Bounded below.

Limit of a Sequence

If {S,}isa Sequence, then a Real number " [ " is said to be limit of Sequence {S,} if

Ve>0,A3meZt—)|S,—-ll<evn=m.
i.e. For larger values of n if S, reachesto " (" (i.e.S,, =), thenwesaythat"[" islimitofS,, .

Above relation can be written as lim,, e, S, =
Ex: If{S,} = {% /ne Z+} then prove that’ 0’ is limit of the Sequence {S,} .
Sol: Given that {S,} = {% /neE Z+}
Ve>0,consider|S,—0|<evVn=m
= |1| <egvnz=m
n
= l<¢
n
= n> L
&
In particular let n = m, so thatm > i

= V e > 0 itis possible to find a positive Integer m such that m > i

Hence “ 0 “ is limit of Sequence {S,,}

Note: 1) For a Sequence, limit may or may not exist.

2) If limit exist then it is Unique.

Convergence Sequence

A Sequence {S,,} is said to be converges to " [ "if " [ " is limit of Sequence {S,} .

» Limit and Convergence point is same.




% IfaSequence {S,}is converges to " [ " and {t, } is converges to " I' " then

converges
) Sptn} —— U

converges

i) (S, +t,} —— I+

s,) converges |
iii) {a} — 5
% IfaSequence {S,} is converges to " [ " and {t,} is not converges to " I’ " then

. converges ,
i) {S,t,} — U’ may or may not converges

Ex: (.} = {1}, {ta} = n

B converges , .

ii) {S, £ t,} ——— [£l’ is not converges always

s,) converges |

iii) {t—} m ,I" # 0 may or may not converges
n

Ex: {S,} = {1}, {t,} = (n}

Divergence of a Sequence

A Sequence which is not Converges is called as a Divergence Sequence.
Divergence of a Sequence is separated into 3 types.

1) Diverges to +o

2) Diverges to —o

3) Oscillating Sequence

Diverges to +oo : A Sequence {S,, } is said to be diverges to +x if Lt S,, = +
Ex:{S,} ={n/n €L}
Diverges to —oo : A Sequence {S,,} is said to be diverges to —x if Lt S, = —
Ex:{S,} ={-n/nez*}
Oscillating Sequence: Oscillating Sequence is sub-divided into two types
1) Oscillating Finite Sequence: A Sequence which is Bounded but not converges is called as
Oscillating Finite Sequence.
Ex: {Sp} ={(-1D" /neZ"}
2) Oscillating Infinite Sequence: A Sequence which is neither Bounded nor diverges to 4+ or
—oo is called as Oscillating Infinite Sequence
Ex: {S,} ={(-D"n/neZ}
% IfaSequence {S, } is diverges to " [ " and {t,,} is diverges to " I’ " then
i) {S,t,} may or may not diverges
ii) {S, *t,} isalways diverges

iii) {i—”} may or may not diverges
n




Cauchy’s Sequence

A Sequence {S,,} is said to be Cauchy’s Sequence if Ve > 03 m € Z*+—) |Sp — Sq| <€eVpq =m.

i.e. For larger values of p and q if S, & S, closed together, then Sequence {S,,} is called as Cauchy’s

Sequence.

Note:1) If a Sequence {S, } is Converges then it is Cauchy’s.
2) Every Cauchy’s Sequence is Bounded.

3) If a Sequence is Cauchy’s then it is Converges.

Cauchy’s General Principle of Convergence

A Sequence {S,,} is Cauchy’s iff it is Converges.
(0r)

A Sequence {S, } is Cauchy’siff v e > 03 m € Z*—) |Sn+p — Snl <eVp>0n=m

Real-Life Application:

e If we consider a Simple Pendulum, in order to count the Oscillations, when it moves To and
Fro, these Sequences are used.

e Letus consider an cinema theatre having 30 seats on the first row, 32 seats on the second row,
34 seats on the third row, and so on and has totally 40 rows of seats. How many seats are in
the theatre?

To solve such type of problems, we need to learn sequences and series.
Here, we need to know how many seats are in the cinema theatre, which means we are
counting things and finding a total. In other words, we need to add up all the seats on each row.

Since we are adding things up, this can be looked at as a series.




INFINITE SERIES

Definition: The sum of terms of a Sequence is called as an Infinite Series.

L.e. An expression of the form u; + u, + uz + ...+ u, + ... is called as an Infinite Series and it is

denoted by Yo u,
In this case u,, is called as n*" term of the series

Here u; ,u,,usz, ..,u, .. are terms of the Sequence. ( previously, we have taken S, ,S,,S3, ...)

nt" Partial Sum of the Series

The sum of beginning n terms of the series is called as n*"* Partial Sum of the Series
ie.S, = u; +u, + uz + ...+ u, is called as n*"* Partial Sum of Y, u,,

Note: If Sequence {S,,} is Converges to " [ ", then we say that its corresponding Series Y, u,, is also
convergesto"l".

Series

SERIES

Convergence Divergence Oscillating
Series Series Series

Series are separated into 3-types:

1) Convergence Series
2) Divergence Series

3) Oscillating Series

Convergence Series: If a Series is Convergesto " [ "i.elim S, asn — oo is , then we say that ) u,

is convergence series.

Divergence Series: Iflim S,, = 40 (or) — o, then }; u, is said to be divergence Series.




Oscillating Series
Oscillating
Series

Oscillating Finite Oscillating Infinite
Series Series

Oscillating series is separated into two types

1) Oscillating Finite Series: If Lt S,, exists but not Unique then the corresponding Series ), u,, is
Called as Oscillating Finite Series
Ex: {(-1)" /neZ*}

2) Oscillating Infinite Series: If an Infinite Series ), u,, neither diverges to +oco nor —oo then the
series is called as Oscillating Infinite Series

Ex:{(—1)"n /ne€Z*}

Nature of the Series

Nature of the Series = we have to see whether the given Series is Converges (or) diverges
To check the nature of the series, we have following tests.

1) Geometric Series Test

2) Auxillary Series Test

3) Limit of Comparison Test

4) Cauchy’s n'" root Test

5) De Alembert’s Ratio Test

6) Raabe’s Test

7) Demorgan’s and Bertrand’s Test

8) Logarithmic Test

9) Cauchy’s Integral Test
10)Alternating Series & Leibnitz’s Test

11)Absolutely and Conditionally Convergence.




Geometric Series Test

Statement: A Series of the form Y, —o 7"

tant)™
1) Converges to iifo <r<1land (constant)
2) Divergesifr = 1.
. 1\". . 1
Example: The series }; (E) is converges [since, 0 <5 < 1]
Aucxillary Series Test
1
Statement: A Series of the form ), ~
1
1) Convergesif P > 1 and W

2) DivergesifP <1

Example: The series }; (%)E is diverges [since,% < 1]

Comparison Test

Comparison Test I: If Y u, and ), v, are two series of positive terms such that u,, < kv, V k € R*

and if ) v, converges then ), u, is also converges.
v‘n

Here u, < kv,. @

Here, if big portion v,, converges = small portion u,, also converges .

Comparison TestII: If Y u, and }, v, are two series of positive terms such thatu,, > kv, V k € R*

and if ) v, diverges then Y} u, is also diverges.
H Un
ere u, = kv,.

Here, if small portion v,, diverges = big portion u,, also diverges. @

Limit of Comparison Test

Statement: If ), u,, and ), v,, are two series of positive terms such that (1:—") = [, where !l # 0 then
n

Y. u, and ), v, are converges (or) diverges together.

Note: Here consider given series as ), u,, and we have to select ) v, from the given series ), u, by
taking maximum term as common in both Numerator and Denominator.

i.eYv,isapartof Y u,.
Note: In series, we commonly use two formulas. They are

1) Lt(Yn) =1
bn
2) Lt(l +%) = e




Problem on Limit of comparison Test

X3 1

% Test for the convergence of }, N
. _ 1

Sol: Let us consider Y, u,, = ). NNy

1
Vn+Vn+1

Now, take maximum term in the Numerator and Denominator as common
1

1+ /1+i
n

ﬁunz

:}un:
Vn

Let us choose v, in such a way that Lt (1:—") *0
n
Now, let v, = isothatLt (u—") =Lt ;=£¢ 0 [ Asn - o0 =>£—> O]
Vn 2 n

Vn 1+ [142
n
. 1 C
Now, consider }; v, = ), N which is divergent by p — test
Hence, by limit of comparison test, ), u,, is also diverges.

Cauchy’s n*"* Root Test (or) n* Root Test (or) Root Test

1
Statement: If )} u,, is a series of positive terms such that Lt (u,)» = [ then
(i) X u,isconvergeswhenl <1
(ii) > u, is diverges when [ > 1

(iii) Test fails to decide the nature of the series when [ =1

Note: While solving problems, Method recognition is that, if the terms of the series involves

power terms, then use this method.

Problem on Cauchy’s nt"* Root Test

—n?
% Test for the convergence of the series ), (1 + %)

—n2
Sol: Let us consider given series to be ), u,, = ), (1 + %)

2

> u, = (1 +%)_n

Now, (un)% = (1 + %)_n

1 -n

= lim u,n = lim (1 + E)

n—-o0 n—-o0

=e 1 [ lim (1 + %)—bx — eab]

X—00
1

=-<1
e

= By Cauchy’s n*" root test, given series is convergent.




n
2) Test for the convergence of the series }; (%)

n
Sol: Let us consider given series to be ), u,, = ), (ﬁ)

1+n
= Un = (1Tn)n

1
— nx
Now, (un)n —m
: r . oonx
= lim u,n = lim
n—o n-ol] +n
] 1
=x ]lim——=x
1,1
7 1 +ﬁ

= By Cauchy’s n*" root test, given series is convergent if x < 1

and divergent if x > 1 and test fails if x = 1
n
Now, if x = 1, thenu,, = (&)

L1 # 0, which is diverges.

()" €

Hence, the given series is converges if x < 1 and diverges ifx = 1

= lim, o u, = lim
n—o0

D’Alemberts Ratio Test (or) Ratio Test

Statement: If ), u,, is a series of positive terms such that Lt % = [ then
n

(1) Y. U, is converges when [ < 1
(i) Y u,isdivergeswhen!l > 1

(iii) Test fails to decide the nature of the series when [ = 1

(OR)
Statement: If ) u,, is a series of positive terms such that Lt uu" = [ then
n+1
(i) X Uy is converges when [ > 1 Remember this formula,

(ii) Y u, is diverges when [ < 1 because we use the same

conditions in the next series

(iii) Test fails to decide the nature of the serieswhen ! =1 | s 4150,

Note: Above method is applicable when the terms of series Involves power terms (in n) (or)

factors terms (or) Factorials.




Problem on Ratio Test

W ) x2n
% Test the convergence of the series }; e
Sol: L ider gi ies to b "
ol: Let us consider given series to be ), u,, = ), DT
xZn

Su,=—-

"o+ DVn

x2n+2

=u

n+1_(n+2)\/n+1

xZn

Up _ m+Dvn i(n+2) Vn+1
Now, Unsr X2 T xZ (1) Vn
(n+2)Vn+1
Uy 1 (n+2)Vn+1
= lim =

= lim —
no®Uny; nowx?(n+1) Vn

. . o o1
=~ By ratio test, given series is convergent if = 1 (or)x? <1

and divergent ifé <1 (or) x? > 1 and test fails if x? = 1

11
m+DVn Y2 (1+ )

1
n

Now, ifx? = 1, thenu,, =

1
Let us choose v, = —<-so that Lt (ﬂ) *0

n/Z Un

1 o . .
=Y, = 7 which is converges by Auxillary series test
n

Hence, by limit of comparison test Y u,, is also converges

- The given series converges if x? < 1 and diverges if x* > 1

2 25 258 25811
s T h nvergen fth ries - + — + ——
X est the convergence of the se esl+1.5+1.5.9+1.5.9.13

Sol: Let us first find the n*" term of the given series

Consider Numerator: 2,5,8,11, ... , which is in Arthemetic Progression, which Initial value a = 2

and with common difference d = 3

Hence, the nt" of the Numeratorisa+ (n—1)d =2+ (n—-1)3=3n—1




Similarly, the n*" of the Denominator is 4n — 3

25811 ... 3n—1)
3 25811 .. (3n—1)

Therefore, the given series will be Y, u,, = 15503 4n-3)

25811 .. 3n—1)

= =
Un=75913 ..(4n - 3)
25811 ... Bn—1)(3n+2)
= Upyg =
1T 15913 ...(4n - 3)(4n + 1)
N U, _ 25811.. (3n-1) _ 159.13..(4n-3)(4n+1) _ 4n+1
ow, Unss | 1.59.13..(4n-3) 25811 .. Bn-1)(3n+2)  3n+2
] in+1
= lim = lim
n-o0U,, g n-oo3n+2

~ By ratio test, given series is convergent.

Raabe’s Test

Statement: If )} u,, is a series of positive terms such that / \
Ltn (u—” - 1) =1
u Un+1
Ltn(u = — 1) = [ then
n+1
Here ——term is there.
Un+1
(i) ). Uy is converges when [ > 1 so all the conditions of
(i) Y u,isdivergeswhenl <1 Ratio test will be
ied h Iso.
(iii) Test fails to decide the nature of the series when [ = 1 Kcarrle ere amso j

Note: The above test is applicable after the failure of Ratio test.

De-Morgan’s and Bertrand’s Test

Un

Statement: If ), u,, is a series of positive terms such that Lt [{n ( - 1) - 1} log n] = [ then

Un+1

(i) Y. u, is converges when [ > 1
(i) Y u,isdivergeswhenl <1

(iii) Test fails to decide the nature of the series when [ = 1

Note: The above test is applicable after the failure of both Ratio test, and Raabe’s Test.




Logarithmic Test

Un

= [ then

Statement: If )’ u,, is a series of positive terms such that Lt n logu
n+1

(1) Y. u, is converges when [ > 1

(i) Y u,isdivergeswhenl <1

(iii) Test fails to decide the nature of the series when [ = 1

n

Note: The above test is applicable after the failure of both Ratio test, and when term contains/

u
Un+1
involves e, (exponential term).

Cauchy’s Integral Test

Statement: If f (x) is a decreasing function of positive terms on (1, o) then the series ; f(n) and
improper Integral [ 100 f(x) dx converge (or) diverge together.

Note: 1) Here If the solution of the Improper Integral is a finite positive number, then it is
converges. Otherwise, it is diverges.

2) This method is useful in finding the convergence point.

Alternating Series

Statement: An Infinite series whose terms are alternatively Positives and Negatives is called as an
alternating series.

i.e. An expression of the form u; — u, + us — uy ... + (—=1)" 1 u, + ... is called as an alternating
series and it is denoted by Y.(—1)" 1w, .

Note: To check the convergence of the alternating series, we have Leibnitz test.

Leibnitz Test

Statement: An alternating series Y,(—1)" 'u, where u,, > 0 is converges if

(i) uy=u,=>uz= ..and
(ii) Ltu, =0.

Ex: $(-1)""1~

Absolutely and Conditionally Convergence

Absolutely Convergence: An Infinite Series Y, u, (i.e. alternating Series Y.(—1)"* u,, ) is said to
be absolutely convergence if }}|u,| is converges.

Ex: N(-1)""1 =




Conditionally Convergence: If Y u, (ie. alternating Series Y.(—1)" 'u, ) is converges and if
Y|u,| is diverges then Y u, (i.e. alternating Series Y.(—1)" 'u, ) is called as conditionally
converges.

Ex: N(~1)""1—

Problem on Absolute Convergence/Conditional Convergence

% Test whether the series };(—1)"*1 (\/n +1- \/ﬁ) is absolutely convergent or conditionally
convergent.

Sol: Let us consider given alternating series to be Y.(—=1)**' u,, = ¥ (-1)"*! (\/n +1- \/ﬁ)

= u, = (ViF1-n)

Rationalizing the Numerator, we get u, = (\/n +1- \/n) X %
1
2> U, =——-
" (Vn+1+ Vn)

Now, take maximum term in the Numerator and Denominator as common
1

—1 un = —1

Vn f1+z +1

Let us choose v, in such a way that Lt (Z—") * 0
n

1

1+ |1+1
n
1

Now, consider ), v, = ). N which is divergent by p — test

Hence, by limit of comparison test, ), u,, is also diverges.

Now, let v, = L so that Lt (u—") =Lt

= ~ =%¢0 [':Asn—>oo =>%—>0]

Hence, the given alternating series is conditionally convergent.






